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ABSTRACT
It has recently been shown that the Randall-Sundrum brane-world may be obtained
from an appropriate doubled D3-brane configuration in type IIB theory. This corresponds,
in five dimensions, to a sphere compactification of the original IIB theory with a non-trivial
breathing mode supporting the brane. In this paper, we shall study the supersymmetry
of this reduction to massive five-dimensional supergravity, and derive the effective super-
symmetry transformations for the fermionic superpartners to the breathing mode. We also
consider the sphere compactifications of eleven-dimensional supergravity to both four and
seven dimensions. For the compactifications on S5 and S7, we include a squashing mode
scalar and discuss the truncation from N = 8 to N = 2 supersymmetry.
1 Introduction
The Randall-Sundrum brane-world idea has attracted much recent attention as a mecha-
nism for trapping gravity with an uncompact extra dimension. Although this idea leads
to interesting new phenomenology and cosmology, for a while it was not clear how funda-
mental this idea was, as it did not seem to fit into any established framework for quantum
gravity. Along these lines, even the supersymmetry of the scenario itself was in doubt. In
particular, general no-go theorems were proven indicating that Randall-Sundrum type do-
main wall solutions cannot be obtained in the context of D = 5, N = 2 supergravity [1, 2].
Additionally, it was shown in [3] that the Randall-Sundrum brane tension is greater than
that expected from a corresponding stack of D3-branes, thus hinting that the brane-world
is necessarily non-BPS.
Despite these difficulties with supersymmetry, it was suggested in [4, 5, 6, 7, 8] that the
warped geometry of the brane-world lends itself to a natural interpretation in the framework
of Maldacena’s AdS/CFT correspondence. In this context, the Randall-Sundrum brane may
be viewed as a boundary imposed on a given horospherical slice of AdS5. Since this is no
longer a boundary at infinity, gravity no longer decouples, and the correspondence is thus
one between AdS5 with a boundary and a cutoff CFT coupled to gravity. This provides an
alternate explanation for the trapping of gravity by the brane.
The picture of the Randall-Sundrum mechanism as a generalized AdS/CFT conjecture
was given further support in [9], where the one-loop corrected graviton propagator calculated
in the N = 4 SCFT was shown to agree with the classical graviton propagator obtained
for the Randall-Sundrum AdS geometry. While not a direct test of the supersymmetry of
the brane-world, it nevertheless provided further evidence for at least compatibility of the
brane-world with supersymmetry.
Despite the tension question of [3], progress has also been made in directly relating
the Randall-Sundrum model to compactifications of ten-dimensional type IIB theory in the
presence of D3-branes [10, 11, 12, 13]. These compactifications have the feature of retaining
the breathing mode scalar [14], to be used in supporting the five-dimensional domain wall
solution. It has subsequently been realized in [15] that it is precisely the breathing mode
scalar that allows the evasion of the supergravity no-go theorems mentioned above. In
particular, since the breathing mode is a massive mode, it lies outside the context of [1, 2],
which only considers scalars in massless N = 2 vector multiples.
Additionally, the realization of the brane-world in [15] corresponds to a doubled D3-
brane geometry in ten dimensions, where the Randall-Sundrum brane is in fact a compos-
ite of a negative tension D3-brane and an orbifold plane. This structure of the Randall-
Sundrum brane both stabilizes the negative tension D3-brane and provides an exact match-
ing of ten- and five-dimensional tensions, thus eliminating the objection of Ref. [3] towards
supersymmetry of the overall scenario. As a result, it is now understood that the brane-
world is in fact supersymmetric, and has a natural D3-brane realization in the context of
ten-dimensional type IIB theory.
Because of the importance of the breathing mode scalar to supersymmetric realizations
of the brane-world, such massive supergravity models are worth further investigation. In
fact, the discussion of [15] assumes a standard superpotential and supersymmetry transfor-
mations for the breathing mode. While this is clearly valid on generalD = 5, N = 2 grounds,
it is nevertheless enlightening to obtain the supersymmetry of the breathing mode directly
from the reduction itself. Ref. [14] has provided the general basis for sphere reductions of
supergravities with a breathing mode (and possibly an additional squashing mode as well).
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In this paper, we extend the results of [14] by reducing the fermionic supersymmetry trans-
formations on the sphere to obtain the corresponding lower-dimensional supersymmetries.
These transformations are necessary for the construction of Killing spinors in the presence
of the breathing mode, and hence play a key role in understanding the supersymmetry of
the brane-world.
The squashing modes considered in [14] correspond to distorting along a U(1) fiber in
the cases where the odd-dimensional spheres S2n+1 may be written as a U(1) bundle over
CPn. This also may be seen as breaking the SO(2n+ 2) isometry group (which is also the
R-symmetry group) down to SU(n + 1) × U(1). For both the S5 compactification of type
IIB theory and the S7 compactification of D = 11 supergravity, this squashing corresponds
to the breaking of N = 8 to N = 2 supersymmetry through the retention of SU(n + 1)
singlets only. What makes the fermion supersymmetries non-trivial in these U(1) fibration
cases is the fact that the N = 2 supercharges are charged under this U(1). Since this charge
corresponds to Kaluza-Klein momentum in the fiber direction, most previous investigations
of such fibered spaces have further truncated to the U(1) neutral sector [16, 17, 18] at the
expense of losing some or all supersymmetry. For example, in the S7 case, the neutral
Killing spinors give rise to either N = 6 or N = 0 supersymmetry, and not the maximal
N = 8 of the complete (untruncated) S7 compactification [16, 17]. The situation is even
more drastic for the S5 compactification, as there are no fermions at all in the uncharged
sector since CP 2 does not admit a spin structure [19, 20, 18].
In this paper, we will take a closer look at the supersymmetry and construction of Killing
spinors for such Hopf fibered spheres. By allowing momentum in the fiber direction, and
hence U(1) charge, we are able to demonstrate explicitly the full N = 8 supersymmetry of
the S5 and S7 compactifications when written in terms of U(1) bundles over CPn. Keeping
U(1) charged spinors, we then truncate to appropriate N = 2 limits by restricting to only
singlets on CPn. We conjecture that such a truncation to the N = 2 breathing/squashing
multiplet coupled to N = 2 supergravity could in fact be a consistent truncation of the full
Kaluza-Klein spectrum of the sphere compactification.
Some general features of scalars coupled to N = 2 supergravity may be obtained by
considering a bosonic Lagrangian of the form
e−1LD = R− 12 |∂~φ|2 − V (~φ), (1.1)
with expected supersymmetry transformations
δψµ =
[
∇µ − 12(D−2)√2Wγµ
]
ε,
δ~λ = 12
[
γ · ∂~φ+
√
2∂~φW
]
ε. (1.2)
The potential V may be obtained from the superpotential through the relation
V =
∣∣∣∂~φW
∣∣∣2 − (D − 1)
2(D − 2)W
2. (1.3)
This is an example of a Ward-like identity for the scalars in a supergravity theory [21]. Of
course, this N = 2 framework is somewhat heuristic without a complete specification of the
supermultiplets (e.g. vector, tensor or hyper), fields and transformations. Nevertheless, we
will verify that the N = 2 truncations derived below satisfy the above relations.
In the following section, we examine the S5 reduction of ten-dimensional type IIB super-
gravity, both with and without the inclusion of a squashing mode. For the squashing mode,
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generated by fibering U(1) over CP 2, we discuss generalized spin structures and construct
appropriately charged Killing spinors. Then in sections 3 and 4 we consider the S7 and
S4 compactifications of eleven dimensional supergravity. For the former we also include a
squashing mode, while for the latter this is not possible. Finally, we conclude with some
discussion on the implications for supersymmetry of the brane-world scenario.
2 S5 Reduction of D = 10 type IIB supergravity
Since the five-dimensional case is of immediate attention for the brane-world, we first con-
sider the S5 compactification of type IIB supergravity. Even with inclusion of the breathing
mode, the sphere reduction proceeds via a Freund-Rubin ansatz for the self-dual 5-form.
With the 5-form field-strength active, the type IIB supergravity does not admit a covariant
Lagrangian formulation. Thus we instead work with the equations of motion. With only
the metric and 5-form active, the relevant bosonic equations of motion are:
RˆMN =
1
2
1
2 · 4!FMPQRSFN
PQRS,
dF[5] = 0,
F[5] = ∗F[5]. (2.1)
In addition, the supersymmetry variation of the gravitino is given (on this background) by:
δψˆM =
[
∇ˆM + i
16 · 5!FNPQRSΓ
NPQRSΓM
]
ǫˆ, (2.2)
where the type IIB spinors are chiral,
Γ11ǫˆ = ǫˆ, Γ11ψˆM = ψˆM . (2.3)
The transformation of the ten-dimensional dilatino vanishes trivially for this subset of fields,
and hence may be ignored. Note that explicit ten-dimensional quantities are denoted with
a caret to avoid confusion with their five-dimensional counterparts.
2.1 The breathing mode reduction
The breathing mode reduction proceeds along the lines of the Kaluza-Klein ansatz of
Ref. [14]:
ds210 = e
2αϕds25 + e
2βϕds2(S5),
F[5] = 4me
8αϕǫ[5] + 4mǫ[5](S
5), (2.4)
where
α =
1
4
√
5
3
, β = −3
5
α. (2.5)
The resulting five-dimensional theory is described by a Lagrangian of the form
e−1L5 = R− 12(∂ϕ)2 − V (ϕ), (2.6)
where V (ϕ) has the double exponential form
V = 8m2e8αϕ −R5e
16
5
αϕ. (2.7)
3
R5 is the Ricci scalar of S
5, and may be viewed as a parameter of the compactification.
This potential has an AdS5 minimum at
e
24
5
αϕ∗ =
R5
20m2
. (2.8)
We now wish to reduce theD = 10 gravitino variation, (2.2), to obtain the corresponding
variations in the S5 reduced theory. To carry out this reduction, we perform a convenient
5 + 5 decomposition of the ten-dimensional Dirac matrices (in tangent space):
ΓM = (γµ ⊗ 1⊗ σ1, 1⊗ γ˜a ⊗ σ2) (2.9)
where
{γµ, γν} = 2ηµν ,
{γ˜a, γ˜b} = 2δab. (2.10)
Here µ, ν, . . . = 0, 1, 2, 3, 4 are spacetime indices with γ4 ≡ iγ0γ1γ2γ3 and a, b, . . . =
5, 6, 7, 8, 9 are internal indices with γ˜9 ≡ γ˜5γ˜6γ˜7γ˜8. The ten-dimensional chirality oper-
ator is Γ11 = Γ0 . . .Γ9 = 1⊗ 1⊗σ3, so that type IIB spinors satisfying (2.3) may be written
as, e.g.
ǫˆ = ε⊗ η ⊗
[
1
0
]
. (2.11)
For the breathing mode reduction, (2.4), we compute
FMNPQRΓ
MNPQR = 4 · 5!me3αϕ[Γ01234 + Γ56789]
= −4i · 5!me3αϕ[1⊗ 1⊗ (σ1 + iσ2)]. (2.12)
Furthermore, the ten-dimensional covariant derivative decomposes as
∇ˆµ = ∇µ ⊗ 1⊗ 1 + α
2
γµ
ν∂νϕ⊗ 1⊗ 1,
∇ˆa = 1⊗ ∇˜a ⊗ 1 + 3iα
10
e−
8
5
αϕγµ∂µϕ⊗ γ˜a ⊗ σ3. (2.13)
Hence from (2.2) we obtain the gravitino transformations
δψˆµ =
[
∇µ + α
2
γµ
ν∂νϕ+
m
4
e4αϕγµ ⊗ 1⊗ (1 + σ3)
]
ǫˆ,
δψˆa =
[
∇˜a + 3iα
10
e−
8
5
αϕγµ∂µϕ⊗ γ˜a ⊗ σ3 + im
4
e
12
5
αϕγ˜a ⊗ (1 + σ3)
]
ǫˆ. (2.14)
Note that, for simplicity of notation, the tensor product structure in spinor space is hidden
in the terms which act only on a single spinor subspace. The chiral structure of the IIB
theory is apparent in (2.14), where, in agreement with (2.3), ψˆM must have σ
3 eigenvalue
+1 to transform properly along with a self-dual F[5]. Taking this into account, and working
with Weyl spinors of the form (2.11), the above simplifies to
δψˆµ =
[
∇µ + α
2
γµ
ν∂νϕ+
m
2
e4αϕγµ
]
ǫˆ,
δψˆa =
[
∇˜a + 3iα
10
e−
8
5
αϕγµ∂µϕ⊗ γ˜a + im
2
e
12
5
αϕγ˜a
]
ǫˆ. (2.15)
4
For this Kaluza-Klein reduction, the ten-dimensional spinors ψˆM and ǫˆ may be decom-
posed in terms of Killing spinors on the sphere. For the n-sphere, such spinors satisfy[
∇˜a ± i
2
γ˜a
√
Rn
n(n− 1)
]
η = 0, (2.16)
where Rn is the Ricci scalar which fixes the size of the sphere. Note that Killing spinors
may be found for either sign of the second term in (2.16), corresponding to the orientation
of the sphere. Specializing to the case at hand, η is a complex four-component spinor. Thus
there are four independent (complex) Killing spinors on S5, giving the expected D = 5,
N = 8 supersymmetry of the round-sphere compactification.
We proceed by using (2.16) to eliminate the covariant derivative on S5 in (2.15). As a
result, we find that ψˆa has the property of being a spinorial superpartner to the breathing
mode ϕ, while ψˆµ survives as the five-dimensional gravitino variation. The breathing mode
‘dilatino’ may be normalized by defining
λ
(5)
i ⊗ ηi = −
i
3α
e
11
10
αϕγ˜aψˆa, (2.17)
resulting in the transformation
δλ
(5)
i =
1
2

γ · ∂ϕ+ 5
3α

me4αϕ ∓
√
R5
20
e
8
5
αϕ



 ε(5)i , (2.18)
where
ε
(5)
i ⊗ ηi = e−
1
2
αϕǫˆ. (2.19)
Here, i = 1, 2, 3, 4 labels the Killing spinor (where all spinors are taken to be Dirac),
indicating the trivial N = 8 structure. The scaling of the supersymmetry parameter is
natural in a Kaluza-Klein context, and partially eliminates the ∂νϕ term in the reduction
of δψˆµ in (2.15). Similarly, the five-dimensional gravitino takes on the shifted form
ψ
(5)
i µ ⊗ ηi = e−
1
2
αϕψˆµ − αγµλ(5)i ⊗ ηi, (2.20)
so that its supersymmetry transformation has the form
δψ
(5)
i µ =

∇µ − 1
6

2me4αϕ ∓ 5
√
R5
20
e
8
5
αϕ

 γµ

 ε(5)i . (2.21)
Focusing on a particular component, say i = 1, we can write the above transformations
in the form, (1.2), appropriate to D = 5, N = 2 supergravity:
δψµ =
[
∇µ − 16√2Wγµ
]
ε,
δλ = 12
[
γ · ∂ϕ+
√
2∂ϕW
]
ε, (2.22)
where one can identify the superpotential as
W =
√
2
[
2me4αϕ ∓ 5
√
R5
20
e
8
5
αϕ
]
. (2.23)
Furthermore, it is easy to check that this superpotential and the potential (2.7) are related
by the five-dimensional version of the identity (1.3):
V = (∂ϕW )
2 − 2
3
W 2. (2.24)
Note that the potential itself is unaffected by the sign ambiguity present in (2.23).
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2.2 Squashing the five-sphere
Note that S2n+1 can be written as a U(1) bundle over CPn, where in the present case
n = 2. This suggests the inclusion of a squashing mode, corresponding to a breaking of the
SO(6) isometry group of the round S5 to SU(3) × U(1). This construction may be made
explicit by first reducing the type IIB theory on S1, and then reducing further from nine to
five dimensions on CP 2. We follow the procedure given in [18, 14] while paying attention
to the fermion supersymmetries.
At this point, it is important to realize that CP 2n does not admit a spin structure.
Thus, at first sight, the reduction over CP 2 results in a five-dimensional model without
any fermions, and in particular without supersymmetry [18]. However we know that this
compactification admits fermions and is supersymmetric, because in the appropriate limit it
is nothing but reduction on the round S5. The resolution of this difficulty is the realization
that, while CP 2 does not admit a spin structure, it nevertheless does admit a spinc structure
[19, 20]. This essentially indicates that spinors on CP 2 are charged under the U(1) fiber. As
U(1) charge corresponds to momentum along the S1 direction, such states may be considered
‘massive’ in D = 9, and hence are usually truncated out in an ordinary Kaluza-Klein
compactification. However, since we are interested in the supersymmetry of this model, we
must retain the U(1) charged fermions by allowing for dependence on the circle coordinate.
It is worth noting, though, that the bosonic fields may be truncated at the massless Kaluza-
Klein level since the background of interest, namely the squashing mode solution of [14],
is already complete in the U(1) neutral sector. This simplifies the situation, as otherwise
a complete reduction with all massive Kaluza-Klein states would be considerably more
involved.
Even with this momentum dependence in mind, the reduction to D = 9 proceeds
straightforwardly. For a reduction on S1, we write
ds210 = e
2aϕds29 + e
2bϕ(dz +AMdxM )2, (2.25)
where now M,N are nine dimensional spacetime indices and m,n are SO(1, 8) tangent
space indices. The circle direction is given by z and 9 for curved and tangent space values
respectively. The constants a and b are
a = − 1
4
√
7
, b = −7a. (2.26)
With only these fields and F[5] active, the reduction of the IIB equations of motion, (2.1),
yield a set of nine-dimensional equations that may be derived from the Lagrangian [14]
e−1L9 = R− 12(∂ϕ)2 − 14e−16aϕF2[2] − 148e8aϕF 2[4] − 12e−1 ∗ (F[4] ∧ F[4] ∧ A[1]). (2.27)
Because of its self-dual nature, F[5] reduces to a single four-form field strength, F[4], given
by F[4]MNPQ ≡ F[5]MNPQz.
For the fermion variations, it is convenient to decompose the ten-dimensional Dirac
matrices (in tangent space) as
Γˆmˆ = (Γm ⊗ σ1, 1⊗ σ2) (2.28)
with Γ8 = iΓ0 . . .Γ7. For this choice, Γˆ11 = 1⊗ σ3, so that IIB spinors have the same form
as before. In the following expressions, whenever vielbeins and metric factors are hidden,
they are taken to be either ten- or nine-dimensional entities as appropriate. Thus, e.g.,
ΓˆM = e
aϕΓM + e
bϕAMΓ9, Γˆz = ebϕΓ9. (2.29)
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This shifting of quantities by the U(1) field is standard in Kaluza-Klein reductions.
The gravitino variation, (2.2), splits into both spin-32 and spin-
1
2 pieces in D = 9. Using
the identity
FMˆNˆPˆ QˆRˆΓˆ
MˆNˆPˆ QˆRˆ = 5e3aϕF[4] · ΓΓ9(1− Γˆ11), (2.30)
and accounting for the chirality of ǫˆ, (2.3), we obtain after some manipulation
δψ
(9)
M =
[
DM +
i
7
e8aϕΓM∂z − i
56
e−8aϕ(ΓM
NP − 12δNMΓP )FNP
− 1
56 · 4!e
4aϕ(ΓMΓ
NPQR − 7ΓNPQRΓM )FNPQR
]
ǫ(9),
δλ(9) =
1
2
[
Γ · ∂ϕ− 2i
7a
e8aϕ∂z +
i
28a
e−8aϕF[2] · Γ +
1
28 · 4!ae
4aϕF[4] · Γ
]
ǫ(9), (2.31)
where the shifted quantities are defined as
ψ
(9)
M = e
− 1
2
aϕ(ψˆM −AM ψˆz) + iaΓMΓ9λ(9),
λ(9) = − i
7a
e
15
2
aϕψˆz,
ǫ(9) = e−
1
2
aϕǫˆ. (2.32)
Here, DM = ∇M −AM∂z is the U(1) covariant derivative for charged spinors. This modifi-
cation, as well as the inclusion of terms proportional to ∂z in the above, fully accounts for
the possible momentum dependence in the z direction. Other than for this z dependence,
after some rearrangement, these expressions agree with the transformations derived in [22].
With the above transformations out of the way, we now proceed to five dimensions using
the ansatz [14]
ds29 = e
2αfds25 + e
2βfds2(CP 2),
F[4] = 4mǫ[4](CP
2),
F[2] = 2µJ[2](CP 2), (2.33)
where
α =
√
2
21
, β = −3
4
α, (2.34)
and J[2] is the Kahler form satisfying JacJ
c
b = −gab with gab the standard metric on CP 2.
The reduced bosonic Lagrangian has the form
e−1L5 = R− 12 (∂ϕ)2 − 12(∂f)2 − V (ϕ, f), (2.35)
with
V (ϕ, f) = 8m2e8aϕ+8αf + 4µ2e−16aϕ+5αf −R4e
7
2
αf . (2.36)
Note that we have corrected a factor of four in the second term of V .
The D = 9 Dirac matrices may now be split into space-time and CP 2 components
ΓM = (γµ ⊗ γ˜5, 1⊗ γ˜a), (2.37)
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where the chirality operator on CP 2 is γ˜5 = γ˜1γ˜2γ˜3γ˜4. Then, as in the round S5 compact-
ification, we obtain the decomposition
D(9)µ = ∇µ ⊗ 1 +
α
2
γµ
ν∂νf ⊗ 1,
D(9)a = 1⊗ D˜a −
3α
8
e−
7
4
αfγ · ∂f ⊗ γ˜aγ˜5. (2.38)
We also make use of the identities
F[4] · Γ = 4 · 4!me3αf γ˜5 (2.39)
and
F[2] · Γ = −2iµe
3
2
αf Q˜γ˜5, (2.40)
where
Q˜ ≡ iJ[2] · γ˜γ˜5. (2.41)
The relation between U(1) charge and momentum in the z direction can be made more
precise. Following [17], we note that the period of z must satisfy
∆z =
∫
F[2] = 2µ
∫
J. (2.42)
Since R4 is defined as the Ricci scalar of CP
2, we have Rab =
R4
4 gab, so that ρ =
R4
4 J where
ρ is the Ricci form. Using c1 =
1
2π
∫
ρ and c1(CP
n) = n + 1 where c1 is the first Chern
class, we finally obtain
∆z =
48πµ
R4
. (2.43)
Thus, defining the circle radius L by z = z + 2πL, we have L = 24µ/R4. As a result, for a
mode expansion in harmonics of the form eiqz/L, we may replace ∂z by
∂z =
iq
L
= i
(
R4
24µ
)
q (2.44)
where q may be considered to be the U(1) charge.
Putting everything together, we find
δψ(9)µ =
[
∇µ + α
2
γµ
ν∂νf − 1
7
(
R4
24µ
)
q e8aϕ+αfγµ ⊗ γ˜5
− µ
28
e−8aϕ+
5
2
αfγµ ⊗ Q˜+ 3m
7
e4aϕ+4αfγµ
]
ǫ(9),
δψ(9)a =
[
D˜a − 3α
8
e−
7
4
αfγ · ∂f ⊗ γ˜aγ˜5 − 1
7
(
R4
24µ
)
q e8aϕ−
3
4
αf γ˜a
− iµ
28
e−8aϕ+
3
4
αf (γ˜a
bc − 12δbaγ˜c)Jbc − 4m7 e4αϕ+
9
4
αf γ˜aγ˜
5
]
ǫ(9),
δλ(9) = 12e
−αf γ˜5
[
γ · ∂ϕ+ 2
7a
(
R4
24µ
)
q e8aϕ+αf γ˜5
+
µ
14a
e−8aϕ+
5
2
αf Q˜+
m
7a
e4aϕ+4αf
]
ǫ(9). (2.45)
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To proceed, we now need to determine the form of the Killing spinors on the Hopf fibration
of S5. This may be done by realizing that the conventional Freund-Rubin compactification
on the round S5 is obtained when the breathing and squashing modes are turned off. This
occurs when both ϕ and f are sitting at the N = 8 critical point of the potential (2.36),
corresponding to the constant values
µ2 = m2e24aϕ∗+3αf∗ ,
(
R4
24
)
= m2e8aϕ∗+
9
2
αf∗ . (2.46)
For this case, the gradient terms drop out from (2.45), and one finds
δλ(9) =
1
28a
e
3
4
αf∗ γ˜5
√
R4
24
(4qγ˜5 + Q˜± 2)ǫ(9),
δ(ψ(9)a + ae
− 3
4
αf∗ γ˜aλ
(9)) =

D˜a − 1
2
√
R4
24
(±γ˜aγ˜5 − iJabγ˜b)

 ǫ(9). (2.47)
The sign ambiguity arises by considering the two cases,
µ = ±me12αϕ∗+ 32αf∗ , (2.48)
corresponding to the choice of orientation of S5. Now, the vanishing of δλ(9) then imposes
the condition,
(4qγ˜5 + Q˜± 2)η = 0, (2.49)
on Killing spinors η. From the definition of Q˜, (2.41), it is easy to verify that it has
eigenvalues (−4, 0, 0, 4), with corresponding γ˜5 eigenvalues (−1, 1, 1,−1). Focusing on the
positive sign in (2.49), we see that it may be satisfied for U(1) charges q = (−12 ,−12 ,−12 , 32 ).
Note that this verifies the decomposition of the complex spinor representation 4→ 3−1/2 +
13/2 under the split SO(6) ⊃ SU(3)×U(1). For the negative sign, we would obtain instead
q = (−32 , 12 , 12 , 12), which is the charge conjugate of the above.
It remains to consider the gravitino variation on CP 2. Here it is easier not to consider
the variation (2.47) directly, but rather to check the integrability condition
[D˜a, D˜b] = 1
4
Rabcdγ˜
cd +
R4
48
[−γ˜ab − 2iJab(2q ± γ˜5)− JacJbdγ˜cd]. (2.50)
Substituting the Riemann tensor on CP 2,
Rabcd =
R4
24
[gacgbd − gadgbc + JacJbd − JadJbc + 2JabJcd], (2.51)
we then find
[D˜a, D˜b] = −iR4
48
Jabγ˜
5(4qγ˜5 + Q˜± 2), (2.52)
which indeed vanishes for Killing spinors satisfying (2.49). We have thus found the expected
four independent complex Killing spinors for the U(1) fibered CP 2 construction.
Following the procedure applied previously to the round S5, we now return to the full
supersymmetry transformations, (2.45), and decompose the various fermions in terms of
the above set of Killing spinors. Defining
ε(5) ⊗ η = e− 12αf ǫ(9),
λ(5) ⊗ η = e 12αf γ˜5λ(9),
χ(5) ⊗ η = 13αe
5
4
αf γ˜aγ˜5ψ(9)a ,
ψ(5)µ ⊗ η = e−
1
2
αfψ(9)µ − αγµχ(5) ⊗ η, (2.53)
9
and using (2.49) to eliminate the charge q, we find the resulting set of five-dimensional
supersymmetry transformations:
δλ(5) =
1
2
[
γ · ∂ϕ− 1
14a
(
R4
24µ
)
(Q˜± 2)e8aϕ+αf + µ
14a
Q˜e−8aϕ+
5
2
αf +
m
7a
e4aϕ+4αf
]
ε(5),
δχ(5) =
1
2
[
γ · ∂f + 1
3α
√
R4
24
(Q˜∓ 4)e 74αf − 2
21α
(
R4
24µ
)
(Q˜± 2)e8aϕ+αf
− 5µ
21α
Q˜e−8aϕ+
5
2
αf +
32m
21α
e4aϕ+4αf
]
ε(5),
δψ(5)µ =
[
∇µ − 1
6
√
R4
24
(Q˜∓ 4)e 74αfγµ + 1
12
(
R4
24µ
)
(Q˜± 2)e8aϕ+αf γµ
+
µ
12
Q˜e−8aϕ+
5
2
αfγµ − m
3
e4aϕ+4αfγµ
]
ε(5). (2.54)
(one may consider there to be four sets of such equations—one for each of the four eigen-
values of Q˜.)
Remarkably, these transformations follow the N = 2 form, (1.2), with ‘superpotential’
W =
√
2


√
R4
24
(Q˜∓ 4)e 74αf − 1
2
(
R4
24µ
)
(Q˜± 2)e8aϕ+αf − µ
2
Q˜e−8aϕ+
5
2
αf + 2me4aϕ+4αf

 .
(2.55)
While this holds for all valid choices of Q˜ eigenvalue, based on the truncation to the N = 2
model with squashing mode, we are only interested in retaining the SU(3) singlet state 13/2,
with Q˜ = 4 (or 1−3/2 with Q˜ = −4). In this case, the superpotential reads
W =
√
2
[
2me4aϕ+4αf ∓ 2µe−8aϕ+ 52αf ∓ R4
8µ
e8aϕ+αf
]
, (2.56)
and it may be verified to satisfy the identity (1.3). This actual reduction of the type IIB
supersymmetry to D = 5, N = 2 verifies the form of the superpotential assumed in [15].
Note that, at this stage, the scalars ϕ and f are still linear combinations of the E0 = 8
breathing and E0 = 6 squashing mode on S
5. An O(2) rotation, given in [14], may be
used to disentangle these two modes. From the N = 2 point of view, the breathing and
squashing modes (ϕ, f), along with the fermions (λ(5), χ(5)), belong to a massive vector
representation of SU(2, 2|1)1. Denoting AdS5 representations by D(E0, j1, j2; r) where r is
the U(1) charge, the content of this vector multiplet is given by
D(6, 0, 0; 0) = D(7, 12 , 12 ; 0)
+D(612 ,
1
2 , 0;−1) +D(612 , 0, 12 ; 1) +D(712 , 0, 12 ;−1) +D(712 , 12 , 0; 1)
+D(6, 0, 0; 0) +D(7, 0, 0;−2) +D(7, 0, 0; 2) +D(8, 0, 0; 0). (2.57)
The breathing mode and squashing mode scalars can be identified with D(8, 0, 0; 0) and
D(6, 0, 0; 0), respectively. In addition to the fields we have considered, this indicates the
presence of a charged scalar, D(7, 0, 0;−2) + D(7, 0, 0; 2), and vector, D(7, 12 , 12 ; 0). The
latter presumably has its origin in A[1].
1Unitary highest weight representations of SU(2, 2|1) were constructed in [23, 24], while those of
SU(2, 2|N/2) were investigated in [25, 26, 27, 28]. See also [29, 30].
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The Kaluza-Klein spectrum for the round S5 compactification of type IIB theory was
obtained in [31, 32], and falls into unitary representations of SU(2, 2|4). Following the
above procedure of squashing the five-sphere, this N = 8 supersymmetry may be broken by
decomposing SU(2, 2|4) ⊃ SU(2, 2|1) × SU(3) × U(1) and truncating to the SU(3) singlet
sector [33]. For the massless supergravity sector, this decomposition yields theN = 2 gravity
multiplet coupled to a LH+RH chiral multiplet (which contains the type IIB dilaton and
Ramond-Ramond scalar):
D(3, 12 , 12 ; 0) = D(4, 1, 1; 0) +D(312 , 1, 12 ;−1) +D(312 , 12 , 1; 1) +D(3, 12 , 12 ; 0),
D(3, 0, 0, 2) = D(312 , 12 , 0; 1) +D(3, 0, 0; 2) +D(4, 0, 0; 0),
D(3, 0, 0,−2) = D(312 , 0, 12 ;−1) +D(3, 0, 0;−2) +D(4, 0, 0; 0). (2.58)
At the first Kaluza-Klein level, the N = 2 truncation yields a semi-long LH+RH massive
gravitino multiplet:
D(412 , 0, 12 , 1) = D(512 , 12 , 1; 1) +D(5, 12 , 12 ; 0) +D(5, 0, 1; 2) +D(6, 0, 1, 0)
+D(412 , 0,
1
2 , 1) +D(5
1
2 , 0,
1
2 ,−1),
D(412 , 12 , 0,−1) = D(512 , 1, 12 ;−1) +D(5, 12 , 12 ; 0) +D(5, 1, 0;−2) +D(6, 1, 0, 0)
+D(412 ,
1
2 , 0,−1) +D(512 , 12 , 0, 1). (2.59)
Finally, at the second Kaluza-Klein level, the truncation yields precisely the N = 2 breath-
ing/squashing multiplet given in (2.57). These decompositions agree with the bosonic sector
of the five-dimensional Lagrangian obtained in [14].
3 Reduction of D = 11 Supergravity to four dimensions
Our second example of the supersymmetry of breathing mode compactifications concerns
the reduction of eleven dimensional supergravity on S7 [34]. In this case, we start with the
bosonic fields, GˆMN and Fˆ[4] = dA[3], with Lagrangian
e−1L11 = Rˆ− 1
2 · 4!F
2
[4] −
1
6
e−1 ∗ (F[4] ∧ F[4] ∧A[3]). (3.1)
For a bosonic background, the D = 11 gravitino supersymmetry transformation is given by
[35]
δψˆM =
[
∇ˆM − 1
288
(ΓM
PQRS − 8δPMΓQRS)FPQRS
]
ǫˆ. (3.2)
As in the type IIB scenario, we first consider the case of a round S7, followed by the turning
on of a squashing mode introduced by writing S7 as a U(1) bundle over CP 3.
3.1 The breathing mode
Following the general sphere reduction of [14], for the round S7 we choose the standard
ansatz
ds211 = e
2αϕds24 + e
2βϕds2(S7)
F[4] = ce
6αϕǫ[4], (3.3)
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where ǫ[4] is the volume form in the D = 4 spacetime. For the case at hand, α and β take
on the values
α =
√
7
6
, β = −2
7
α. (3.4)
The resulting four-dimensional bosonic Lagrangian reads [14]
e−1L4 = R− 12 (∂ϕ)2 − V (φ), (3.5)
where
V =
1
2
c2e6αϕ −R7e
18
7
αϕ. (3.6)
This potential has an AdS4 minimum at
e
24
7
αϕ∗ =
6R7
7c2
, (3.7)
where R7 is the Ricci scalar of S
7.
The reduction of (3.2) is now straightforward, and follows the procedure developed in
the previous section. Thus we omit the details, and only point out some salient features of
the reduction. For spinors, we start with a natural 4 + 7 split of the Dirac matrices:
ΓM = (γµ ⊗ 1, γ5 ⊗ γ˜a), (3.8)
where γ5 = iγ0γ1γ2γ3 is the spacetime chirality matrix (and squares to +1). Using this
decomposition, the spacetime and sphere components of (3.2) become
δψˆµ =
[
∇µ + α
2
γµ
ν∂νϕ− i
6
ce3αϕγµγ
5
]
ǫˆ,
δψˆa =
[
∇˜a − α
7
e−
9
7
αϕγ5(γ · ∂ϕ)⊗ γ˜a + i
12
ce
12
7
αϕγ˜a
]
ǫˆ. (3.9)
Defining the shifted four-dimensional quantities as
ε
(4)
i ⊗ ηi = e−
1
2
αϕǫˆ,
λ
(4)
i ⊗ ηi = −
1
2α
e
11
14
αϕγ5γ˜aψˆa,
ψ
(4)
i µ ⊗ ηi = e−
1
2
αϕψˆµ − αγµλ(4)i ⊗ ηi, (3.10)
and making use of the Killing spinor equation on the sphere, (2.16), we finally obtain the
four-dimensional supersymmetry variations
δψ
(4)
i µ =

∇µ + i
8

ce3αϕ ∓ 14
√
R4
42
e
9
7
αϕ

 γµγ5

 ε(4)i ,
δλ
(4)
i =
1
2

γ · ∂ϕ− 7i
12α

ce3αϕ ∓ 6
√
R4
42
e
9
7
αϕ

 γ5

 ε(4)i . (3.11)
The index i runs from 1 to 8, and labels the D = 4, N = 8 supersymmetry arising from
having eight Killing spinors on S7. Furthermore, as before, the choice of sign depends on
the orientation of the sphere.
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The factor iγ5 may be rewritten for Majorana spinors in D = 4, as appropriate. Regard-
less, there is a straightforward truncation to N = 2 obtained by choosing a single Majorana
spinor pair. The resulting transformations, written in a D = 4, N = 2 language, are
δψµ =
[
∇µ − 14√2Wγµ(iγ
5)
]
ε,
δλ = 12
[
γ · ∂ϕ+
√
2∂ϕW (iγ
5)
]
ε, (3.12)
where
W = − 1√
2

ce3αϕ ∓ 14
√
R7
42
e
9
7
αϕ

 . (3.13)
This superpotential and the potential, (3.6), satisfy the relation (1.3).
3.2 Introduction of a squashing mode
Again since S7 can be viewed as a U(1) bundle over CP 3, one can perform the reduction in
two steps. We first reduce from eleven dimensions on a circle giving the type IIA theory in
ten dimensions. Following this, we may proceed from ten down to four dimensions on CP 3.
This approach to squashing S7 has been extensively studied in [16, 17]. However note that,
as in the S5 case, we wish to retain states charged under the U(1) fiber. While such states
may be regarded as non-perturbative in a type IIA point of view [17], they naturally arise
from eleven dimensions and complete the supersymmetry of the compactification.
As seen in [16, 17], the U(1) neutral sector has either N = 6 or N = 0 supersymmetry
in four dimensions, depending on the orientation of S7. This is easily seen by considering
the decomposition of the spinor 8s under SO(8) ⊃ SU(4) × U(1): 8s → 60 + 12 + 1−2 for
left squashing and 8s → 41+4−1 for right squashing. Thus in the round S7 limit, complete
N = 8 supersymmetry requires the introduction of U(1) charged spinors. Furthermore, we
are mainly interested in the truncation of the breathing/squashing system to N = 2, which
corresponds to the SU(4) singlet sector under the above decomposition. We see that the
left squashed compactification has precisely the expected SU(4) singlet supercharges corre-
sponding to U(1) gauged D = 4, N = 2 supergravity. Curiously, this N = 2 supersymmetry
is in some sense complementary to the N = 6 supersymmetry considered previously in the
U(1) neutral sector [16].
There has been a long tradition, starting with Refs. [36, 37], of reducing eleven di-
mensional supergravity on a circle in order to obtain the type IIA theory. The reduction
proceeds with the metric ansatz
ds211 = e
2aφds10
2 + e2bφ(dz +AMdxM )2, (3.14)
where
a = − 1
12
, b = −8a. (3.15)
The resulting type IIA supergravity is described by the bosonic Lagrangian
e−1L10 = R− 12(∂φ)2− 12·2!e
3
2
φF2[2]− 12·3!e−φF 2[3]− 12·4!e
1
2
φF 2[4]− 12 ∗ (F[4] ∧F[4]∧A[2]), (3.16)
where F[4] is now shifted, F[4] = dA[3] − F[3] ∧ A[1].
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Eleven-dimensional Dirac matrices may be given in terms of their ten-dimensional coun-
terparts by setting Γ10 = Γ11 where Γ11 ≡ Γ0Γ1 · · ·Γ9 is the D = 10 chirality operator. In
this case, the resulting supersymmetry transformations are [36, 37]
δψ
(10)
M =
[
DM +
1
8
e−
3
4
φΓMΓ
11∂z − 1
64
e
3
4
φ(ΓM
NP − 14δNMΓP )FNPΓ11
− 1
4 · 4!e
− 1
2
φ(ΓM
NPQ − 9δNMΓPQ)FNPQΓ11
− 1
256
e
1
4
φ(ΓM
NPQR − 20
3
δNMΓ
PQR)FNPQR
]
ǫ(10),
δλ(10) =
1
2
[
Γ · ∂φ+ 3e− 34φΓ11∂z − 3
8
e
3
4
φF[2] · ΓΓ11
+
1
12
e−
1
2
φF3 · ΓΓ11 − 1
96
e
1
4
φF4 · Γ
]
ǫ(10). (3.17)
The D = 10 quantities are related to the original ones by
ψ
(10)
M = e
1
24
φ(ψˆM −AM ψˆz) + 112ΓMλ(10),
λ(10) = 32e
− 17
24
φΓ11ψˆz,
ǫ(10) = e
1
24
φǫˆ. (3.18)
As in the squashing of S5, we have retained momentum dependence in the z direction,
corresponding to U(1) charged spinors. The U(1) covariant derivative is given by DM =
∇M −AM∂z.
For a reduction on CP 3, we choose the ansatz [17, 14]
ds210 = e
2αϕds24 + e
2βϕds2(CP 3),
F[4] = ce
− 1
2
φ+6αϕǫ(4),
F[3] = 0,
F[2] = 2mJ[2](CP 3), (3.19)
with
α =
√
3
4
, β = −1
3
α. (3.20)
Note that this ansatz sets to zero the D = 4 field strengths originating from F[3] and
F[2] (since our interest is only on the breathing/squashing scalars). The resulting D = 4
Lagrangian has the form
e−1L4 = R− 12 (∂φ)2 − 12 (∂ϕ)2 − V (φ,ϕ), (3.21)
where
V = 6m2e
3
2
φ+ 10
3
αϕ +
1
2
c2e−
1
2
φ+6αϕ −R6e
8
3
αϕ. (3.22)
The AdS4 minimum of this potential lies at
c2 = 36m2e2φ∗−
8
3
αϕ∗ , R6 = 48m
2e
3
2
φ∗+
2
3
αϕ∗ , (3.23)
which is in fact the round S7 vacuum.
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For reduction of the supersymmetry variations, (3.17), we may use the decomposition
of the Dirac matrices, (3.8), specialized now to the present 10 = 4 + 6 split. With this
split, we find Γ11 = −γ5⊗ γ˜7, where γ˜7 = iγ˜1γ˜2 · · · γ˜6. Substituting the ansatz, (3.19), into
(3.17), we find
δψ(10)µ =
[
∇µ + α
2
γµ
ν∂νϕ− i
32
γµγ
5
(
4
(
R6
48m
)
qe−
3
4
φ+αϕγ˜7
+mQ˜e
3
4
φ+ 5
3
αϕ + 5ce−
1
4
φ+3αϕ
)]
ǫ(10),
δψ(10)a =
[
D˜a − α
6
e−
4
3
αϕγ5γ · ∂ϕγ˜a − i
8
(
R6
48m
)
qe−
3
4
φ− 1
3
αϕγ˜aγ˜
7
+
m
32
e
3
4
φ+ 1
3
αϕ(γ˜a
bc − 14δbaγ˜c)Jbcγ˜7 +
3ic
32
e−
1
4
φ+ 5
3
αϕγ˜a
]
ǫ(10),
δλ(10) =
1
2
e−αϕ
[
γ · ∂φ− 3iγ5
((
R6
48m
)
qe−
3
4
φ+αϕγ˜7
+
m
4
Q˜e
3
4
φ+ 5
3
αϕ − c
12
e−
1
4
φ+3αϕ
)]
ǫ(10). (3.24)
As in the case of U(1) bundled over CP 2, we use the definition
Q˜ = iJ[2] · γ˜γ7. (3.25)
Furthermore, using the same argument as before, we have identified the period along the
circle direction, z = z + 2πL, to be L = 48m/R6 [17]. The U(1) charge is then related to
the Kaluza-Klein momentum through ∂z = iq/L.
The Killing spinors η on the Hopf fibered S7 may be obtained by examination of the
variations (3.24) at the N = 8 critical point given by (3.23). Corresponding to the two
possibilities
c = ±6meφ∗− 43αϕ∗ , (3.26)
we find
δλ(10) = −3i
8
e
1
3
αϕ∗γ5
√
R6
48
(4qγ˜7 + Q˜∓ 2)ǫ(10),
δ(ψ(10)a − 112e−
1
3
αϕ∗γ5γ˜aλ
(10)) =
[
D˜a − i
2
√
R6
48
(∓γ˜a − iJabγ˜bγ˜7)
]
ǫ(10). (3.27)
As a result, Killing spinors must satisfy
(4qγ˜7 + Q˜∓ 2)η = 0 (3.28)
[compare with (2.49)]. For CP 3, Q˜ has eigenvalues 2 (six times) and −6 (twice). For either
the top or bottom choice of sign in (3.28), corresponding to left- or right-squashing respec-
tively, we may find the appropriate U(1) charge q such that the Killing spinor condition
is satisfied. The result is shown in Table 3.2, and agrees with the charge assignments ob-
tained from the spinor decompositions 8s → 60+12+1−2 (left-squashing) and 8s → 41+4−1
(right-squashing). Furthermore, it is also straightforward to check the integrability of the
gravitino variation on CP 3, following the procedure given previously for the case of CP 2.
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Q˜ γ˜7 q (left-squashing) q (right-squashing)
−6 −1 −2 −1
−6 1 2 1
2 −1 0 1
2 −1 0 1
2 −1 0 1
2 1 0 −1
2 1 0 −1
2 1 0 −1
Table 1: The Q˜ and γ˜7 eigenvalues and U(1) charges q for eight Killing spinors on the U(1)
over CP 3 fibered S7.
Using the effective Killing spinor equation,
γ˜aD˜a + i
2
√
R6
48
(Q˜± 6)

 η = 0, (3.29)
obtained from (3.28) to eliminate D˜a from (3.24), we finally arrive at the set of D = 4
supersymmetry variations
δλ(4) =
1
2
[
γ · ∂φ− 3i
4
γ5
(
−
(
R6
48m
)
(Q˜∓ 2)e− 34φ+αϕ +mQ˜e 34φ+ 53αϕ − c
3
e−
1
4
+3αϕ
)]
ε(4),
δχ(4) =
1
2
[
γ · ∂ϕ+ i
16α
γ5
(
8
√
R6
48
(Q˜± 6)e 43αϕ − 3
(
R6
48m
)
(Q˜∓ 2)e− 34φ+αϕ
−5mQ˜e 34φ+ 53αϕ − 9ce− 14+3αϕ
)]
ε(4),
δψ(4)µ =
[
∇µ − i
8
γµγ
5
(
2
√
R6
48
(Q˜± 6)e 43αϕ −
(
R6
48m
)
(Q˜∓ 2)e− 34φ+αϕ
−mQ˜e 34φ+ 53αϕ − ce− 14+3αϕ
)]
ε(4). (3.30)
The four-dimensional spinors are related to the original ten-dimensional ones through
ε(4) ⊗ η = e− 12αϕǫ(10),
λ(4) ⊗ η = e 12αϕλ(10),
χ(4) ⊗ η = − 12αe
5
6
αϕγ5γ˜aψ
(10)
a ,
ψ(4)µ ⊗ η = e
1
2
αϕψ(10)µ − αγµχ(4) ⊗ η. (3.31)
Once again, these variations may be written in an explicit D = 4, N = 2 manner, given
by (3.12), where the superpotential has the form
W = − 1√
2
[
−2
√
R6
48
(Q˜± 6)e 43αϕ +
(
R6
48m
)
(Q˜∓ 2)e− 34φ+αϕ +mQ˜e 34φ+ 53αϕ + ce− 14+3αϕ
]
.
(3.32)
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The only case where supersymmetry survives truncation to the SU(4) singlet sector is for
left-squashing (the top sign), in which case the two Q˜ = −6 states may be combined into a
single U(1) charged Dirac spinor. The resulting N = 2 superpotential has the form
W = − 1√
2
[
ce−
1
4
+3αϕ − 6me 34φ+ 53αϕ − R6
6m
e−
3
4
φ+αϕ
]
, (3.33)
and satisfies the N = 2 relation (1.3).
Once again, it is instructive to examine the decomposition of D = 4, N = 8 (for the
round S7) to D = 4, N = 2 supersymmetry. In this case, N = 2 is preserved only for left-
squashing, where 8s → 60 + 12 + 1−2 under SO(8) ⊃ SU(4) × U(1). Truncating to SU(4)
singlets, the massless (n = 0) Kaluza-Klein sector yields the pure N = 2 supergravity
multiplet
D(2, 1; 0) = D(3, 2; 0) +D(52 , 32 ;−1) +D(52 , 32 ; 1) +D(2, 1; 0). (3.34)
In contrast to the five-dimensional case, no states at the n = 1 level survive the truncation.
The breathing mode finally shows up at the second Kaluza-Klein level, where the truncation
to N = 2 yields a massive vector
D(4, 0; 0) = D(5, 1; 0) (3.35)
+D(92 ,
1
2 ;−1) +D(92 , 12 ; 1) +D(112 , 12 ;−1) +D(112 , 12 ; 1)
+D(4, 0; 0) +D(5, 0; 0) +D(5, 0;−2) +D(5, 0; 2) +D(6, 0; 0).
As before, the representations are given in terms of E0, spin and U(1) charge. The breathing
mode is identified as the E0 = 6 scalar, while the squashing mode is the E0 = 4 scalar. The
remaining neutral (axionic) scalar may be identified with the three-form field strength F[3],
which was set to zero in (3.19) but could as well have been retained [14].
4 Reduction of D = 11 Supergravity to seven Dimensions
The last case we consider is the reduction of eleven dimensional supergravity on S4. Since
the even sphere cannot be written as a Hopf fibration, we cannot play the same trick to
turn on a single squashing mode. Thus we focus only on the round S4.
For this case, the reduction ansatz is [14]
ds211 = e
2αϕds27 + e
2βϕds2(S4),
Fˆ[4] = F[4] + 6mǫ[4](S
4), (4.1)
with
α =
2
3
√
10
, β = −5
4
α, (4.2)
whereupon the bosonic Lagrangian, (3.1), reduces to
e−1L7 = R− 12(∂ϕ)2 − 12·4!e−6αϕF 2[4] − 3me−1 ∗ (F[4] ∧A[3])− V (ϕ), (4.3)
where
V = 18m2e12αϕ −R4e
9
2
αϕ. (4.4)
Note that, following [14], we have retained a possible four-form field strength, F[4], in seven
dimensions. The potential has a minimum at
e
15
2
αϕ∗ =
R4
48m2
, (4.5)
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giving rise to an AdS7 vacuum, provided F[4] = 0.
In a 7 + 4 split, the Dirac matrices decompose as
ΓM = (γµ ⊗ γ˜5, 1⊗ γ˜a) (4.6)
where γ˜5 = γ˜1γ˜2γ˜3γ˜4 is the chirality operator on S4. In this case the D = 11 gravitino
supersymmetry transformation, (3.2), reduces to
δψˆµ =
[
∇µ + α
2
γµ
ν∂νϕ− m
2
e6αϕγµ − 1
12 · 4!e
−3αϕ(γµ
νρλσ − 8δνµγρλσ)γ˜5Fνρλσ
]
ǫˆ,
δψˆa =
[
∇˜a − 5α
8
e−
9
4
αϕ(γ · ∂ϕ) ⊗ γ˜aγ˜5 +me
15
4
αϕγ˜aγ˜
5 − 1
12 · 4!e
− 21
4
αϕF[4] · γ ⊗ γ˜a
]
ǫˆ.
(4.7)
For this case, the appropriate Killing spinors on S4 satisfy
∇˜a ± 1
2
γ˜aγ˜
5
√
R4
12

 η = 0, (4.8)
yielding four Killing spinors ηi, i = 1, 2, 3, 4 and leading to the D = 7, N = 4 transforma-
tions
δψ
(7)
i µ =
[
∇µ + 1
10
(
3me6αϕ ∓ 4
√
R4
12
e
9
4
αϕ
)
γµ
− 1
480
e−3αϕ(3γµ
νρλσ − 8δνµγρλσ)γ˜5Fνρλσ
]
ε
(7)
i ,
δλ
(7)
i =
1
2
[
γ · ∂ϕ− 4
5α
(
2me6αϕ ∓
√
R4
12
e
9
4
αϕ
)
+
1
180α
e−3αϕF[4] · γγ˜5
]
ε
(7)
i . (4.9)
Here the seven-dimensional quantities are defined as
ε
(7)
i ⊗ ηi = e−
1
2
αϕǫˆ,
λ
(7)
i ⊗ ηi = −
1
5α
e
7
4
αϕγ˜5γ˜aψˆa,
ψ
(7)
i µ = e
− 1
2
αϕψˆµ − αγµλ(7)i ⊗ ηi. (4.10)
The above equations can be written more suggestively as
δψµ =
[
∇µ − 110√2Wγµ −
1
480e
−3αϕ(3γµ
νρλσ − 8δνµγρλσ)γ˜5Fνρλσ
]
ε,
δλ = 12
[
γ · ϕ+
√
2∂ϕW +
1
180αe
−3αϕF[4] · γγ˜5
]
ε, (4.11)
where the superpotential is identified as
W = −
√
2

3me6αϕ ∓ 4
√
R4
12
e
9
4
αϕ

 . (4.12)
Note that this satisfies the identity (1.3) as expected.
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5 Discussion
In the above, we have considered the supersymmetry of breathing mode compactifications
for the three cases: D = 10 on S5, D = 11 on S7 and D = 11 on S4. In all cases,
the breathing mode is a singlet under the R symmetry, despite the fact that it lies in
the massive Kaluza-Klein spectrum. For this reason, inclusion of the breathing mode in
itself is allowed in a consistent truncation of the full Kaluza-Klein spectrum. However, for
the resulting theory to be (maximally) supersymmetric, the superpartners to the breathing
mode must also be retained. Presumably once these non-singlet superpartners are included,
this would no longer be a consistent truncation unless the entire Kaluza-Klein tower is
brought in as well. Thus it may not be entirely appropriate to regard this breathing mode
compactification as solely a lower dimensional supergravity theory coupled to the breathing
mode supermultiplet. While consideration of the higher dimensional equations of motion
ensures the validity of the above reduction ansatse, the resulting theory of the form (1.1)
and (1.2) is necessarily incomplete. The complete structure of the theory, and especially its
supersymmetry, is perhaps more naturally seen in the original higher dimensional form.
On the other hand, for the squashed sphere compactifications, one may consistently
truncate to the SU(n + 1) singlet sector of the full R symmetry group. Since this proce-
dure already removes many states in the Kaluza-Klein tower, it suggests that the N = 2
truncations of the D = 5 and D = 4 theories may admit a further truncation yielding only
the breathing/squashing multiplet coupled to the massless supergravity multiplet. If this
were in fact the case, it would provide an interesting example of a consistent truncation to
a massive supergravity theory where only a portion of the Kaluza-Klein tower survives.
Finally, note that recent investigation of the brane-world has shown that the ‘kinked’
Randall-Sundrum geometry is only compatible with supersymmetry provided the superpo-
tential W changes sign when passing through the brane [1, 2, 38, 39, 40]. Restoring the
gauge coupling constant g, this corresponds in the five-dimensional point of view to g → −g
on opposite sides of the brane [39, 40]. This cannot be realized in a strictly D = 5, N = 2
point of view, but however is expected from the type IIB compactification, where it corre-
sponds to a reversal of the orientation of S5. This orientation flip corresponds to making the
opposite choice of sign in the Killing spinor equation on the sphere, (2.16). Furthermore,
the five-form flux changes sign, m → −m, so that the superpotential, (2.23) indeed flips
sign as expected. This is also the case for the superpotential on the squashed S5, (2.55).
However, by changing the sign in the Killing spinor equation, (2.16), this orientation
reversal joins opposite sets of Killing spinors on both sides of the Randall-Sundrum brane.
This potential difficulty with supersymmetry is even more pronounced for the S7 case
where left- and right-squashing yield rather different realizations of the Killing spinors
(cf. Table 3.2). Of course, the kinked brane-world is singular at the location of the brane.
So perhaps it is not surprising to see this behavior of the Killing spinors upon orientation
reversal. It remains to be seen what effect this has on a complete understanding of the
supersymmetry of the brane-world.
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